Abstract. A geodesic metric space is hyperbolic in the sense of Gromov if and only if the intersection of any two metric balls is almost a ball.
Introduction
Recall from [1] , [2] , [3] or [4] that a geodesic metric space is hyperbolic (in the sense of Gromov) if there is a constant δ ≥ 0 such that for any geodesic triangle, any one side is contained in the δ-neighborhood of the union of the two other sides. For r ≥ 0 and x in a geodesic metric space (X, d) we denote by B(x, r) the closed ball of radius r centered at x. We say that a set S has eccentricity less than δ (for some δ ≥ 0) if there is R ≥ 0 such that B(c, R) ⊆ S ⊆ B(c ′ , R + δ),
For some c, c ′ ∈ X. We say that the eccentricity of the emptyset is 0. The following "quasi-balls lemma" characterises geodesic hyperbolic metric spaces. In an earlier draft of this paper we claimed to show that if the intersection of two balls is always a ball then X is an R-tree. This relied on the assumption that if eccentricity of Y is 0 then Y is a ball together with an assumption that we could relate the hyperbolicity constant in Lemma 6 to the eccentricity bound. We are grateful to Theo Buehler and Deborah Ruoss for pointing out problems in those assumptions. As it stands the question of whether or not X must be an R-tree remains open. In this version of the paper we make use of an unpublished result in Pomroy's master thesis [7] , which is a generalisation of a result by Papasoglu [6] . We thank Chris Hruska for pointing out the reference [5] .
Proof of the quasi-balls lemma
The proof of Lemma 1 is a sequence of simple observations, combined with a result in [7] . The first observation holds for any geodesic metric space and gives the interior radius of the intersection of two balls. (1) For any x, y ∈ X with d(x, y) = d and s, t ≥ 0 one of the following holds:
and c is a point on any geodesic between x and y, at distance < d, and hence given any geodesic γ from x to y we may take a point c on γ at distance s−t+d 2 from x and a ball of radius r around c. Then for z ∈ B(c, r)
(2) First notice that our assumptions on s and t being stricly smaller than d show that x and y do not belong to B(x, s) ∩ B(y, t).
Take a geodesic γ xξ from x to ξ and a point z on this geodesic, at distance R from ξ. Such a point exists because x does not belong to B(ξ, R). Since z ∈ B(ξ, R) ⊆ B(y, t) we have
Similarly, take a geodesic γ yξ from y to ξ and a point z ′ on this geodesic, at distance R from ξ. Since z ′ ∈ B(ξ, R) ⊆ B(x, s) we have
Combining the 2 inequalities gives 2d
Definition 3. Let K ≥ 0 and x, y in X. A K-path from x to y is a continuous path µ from x to y such that, for any z ∈ µ
In maybe more standard terminology, a K-path is a (1, K)-quasigeodesic. The following says that in a geodesic metric space such that the intersection of any two balls has uniformly bounded eccentricity, then the set of points on K-paths is uniformly close to a geodesic.
Lemma 4.
Suppose that (X, d) has a uniform bound δ ≥ 0 on the eccentricity of the intersection of any two balls. Then given any two points x, y ∈ X any point on a K-path from x to y is contained in the 2δ + 2K-neighbourhood of any geodesic from x to y.
Proof. Let z be a point on a K-path µ from x to y with s = d(x, z),
and t is within K of x so we may assume that both s, t ≤ d. Now let Y = B(x, s) ∩ B(y, t), so that z ∈ Y so by Lemma 2 point (2) we see that any ball contained in Y has radius at most K. It follows from the bounded eccentricity hypothesis that Y ⊆ B(ξ, K + δ) for some point ξ ∈ X. Let γ be a geodesic from x to y and c any point on γ at distance less than s to x and less than t to y (such a point exists because
Remark. This may seem close to the quasi-geodesic lemma that characterizes hyperbolic spaces according to [5] Lemma 7.2, however what follows shows that things are a bit different. Taking K = 0 in the lemma above shows that in a geodesic metric space such that the intersection of any two metric balls has eccentricity less than or equal to δ, any geodesic between two points is contained in a δ-neighbourhood of any other geodesic between those two points.
Returning to our proof of Lemma 1 we need the following result by Pomroy, that we now recall. In our terminology, for ρ > 0, a (1, ρ) bigon consists of two ρ-paths with same endpoints.
Theorem 5 (Theorem 3.1 of [7] ). Let X be a a geodesic metric space. Given ρ > 0 if there exists an ǫ such that all (1, ρ) bigons are ǫ-slim then X is hyperbolic.
We can now prove one implication in Lemma 1, namely (b)⇒(a). Proof. Take x, y ∈ X with d = d(x, y) and s, t ∈ R + , s ≥ t, we will show that the eccentricity of B(x, s) ∩ B(y, t) is less than 2δ. According to Lemma 2 part (1) either B(x, s) ⊆ B(y, t), B(y, t) ⊆ B(x, s), B(x, s) ∩ B(y, t) = ∅ or B(c, r) ⊆ B(x, s)∩B(y, t), where c and r are as defined in that lemma. In the first three cases the eccentricity is clearly bounded by 0. In the remaining case it suffices to show that there is a constant ǫ independent of x, y, s, t such that B(x, s) ∩ B(y, t) is contained in some ball of radius r + ǫ. We will show that in fact B(c, r) ⊆ B(x, s) ∩ B(y, t) ⊆ B(c, r + 2δ). Now, for z ∈ B(x, s) ∩ B(y, t), let us estimate the distance to c.
Since c lies on a geodesic from x to y it is within δ of a point p which lies on a geodesic from y to z or on a geodesic from x to z. We first assume that p lies on a geodesic from x to z. By the triangle inequality, we have that
Since p lies on a geodesic from x to z this yields d(x, c) + d(c, z) ≤ d(x, z) + 2δ = s + 2δ. Now we have, as required:
If p lies on a geodesic from y to z instead, then we use the same argument switching the roles of x, y and of s, t.
Remark. The assumption that the metric space (X, d) be geodesic might not be needed. The notion of hyperbolic spaces extends to nongeodesic metric spaces via the Gromov product (see e.g. Définition 3, page 27 of [3] ) and it would be interesting to find an appropriate generalisation of these results to that context. In particular recall that a δ-ultrametric space is a metric space (X, d) which satisfies the following strengthened version of the triangle inequality, d(x, y) ≤ max{d(x, z), d(z, y)} + δ for all x, y, z in X. It is easy to see that at least two of d(x, y), d(y, z) and d(x, z) differ by at most δ, meaning that any triangle is almost isoceles. These are examples of 2δ-hyperbolic spaces in the sense of Gromov, see [4] Section 1.2 on page 90. It would be interesting to know if those spaces do satisfy the property that any intersection of two balls is almost a ball (in some sense).
